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ABSTRACT 
Direction-of-arrival (DoA) of reflected sound is an important factor to characterize the spatial impression of 
room acoustics, including auditory source width and listener envelopment. Impulse response consists of 
direct sound, early reflections, and late reverberation. For the late reverberation, diffuse sound field is often 
assumed, although it has been suggested that DoA distribution of late reverberation is directionally biased, 
namely, anisotropic. The purpose of this study is to analyze the DoA distribution of late reverberation by 
employing a spherical microphone array and high-order plane wave decomposition, or spherical harmonics 
expansion, and decay cancellation. The DoA distributions were analyzed at one multipurpose hall using a 
spherical microphone array. Certain anisotropic DoA distributions were shown at any receiver position, 
which is more prominent as time goes by. In addition, the results implied that the direction toward which the 
DoA distribution may be biased depends on the acoustic absorption of the room as well as relative positioning 
between the receiver and the stage. 
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1. INTRODUCTION 
It is well known that apparent source width (ASW) and listener envelopment (LEV) are two of the 

main spatial components of spatial impression. Direction-of-arrival (DoA) of reflected sound is one 
of the important factors to characterize both of them (1). In particular, it is assumed that DoA 
distribution is significant as a factor of LEV. Bradley and Soulodre have shown that LEV is related to 
the level of late lateral reflections (2). Moreover, Hanyu et al. have reported that the early reflections 
arriving from above and frontal directions to a listener contribute to LEV and suggested that DoA 
distribution is necessary for evaluating LEV (3). 

For the late reverberation, diffuse sound field is often assumed. However, Suzuki et al. have 
reported that DoA distribution of late reverberation is not isotropic using C-C method (4–6). The C-
C method enables analysis of sound field at wideband frequencies, whereas it is not able to estimate 
the DoA of multiple sound waves that arrive simultaneously from different directions because it 
estimates a sound intensity vector at each time segment. In real sound fields, especially in the late 
reverberation, many sound waves arrive simultaneously or at very close intervals. For this reason, it 
can be considered that the C-C method is not suitable to analyze DoA distribution of late reverberation. 

A spherical microphone array is one of the powerful devices to enable a spatial analysis of room 
impulse responses. DoA has been analyzed using a spherical microphone array (7–9). The plane wave 
decomposition is a method to represent the sound field as a sum of plane waves (10). Using this 
method, the analysis can be performed in more detail, while requiring a large number of microphones. 
Few studies using spherical microphone array have focused on the late reverberation as opposed to 
the early reflections (11–14). Several studies have analyzed the DoA distributions including not only 
the early reflections but also the late reverberation at multiple concert halls (9,15), however, they 
focused on a time segment of only 250 ms after the arrival of the direct sound. 

This paper introduces a method to analyze DoA distribution of late reverberation based on plane 
wave decomposition and decay cancellation, and then demonstrates analysis results from 
measurements performed in one multipurpose hall.  
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2. PLANE WAVE DECOMPOSITION 

2.1 Plane wave decomposition 
The degree 𝑛 and order 𝑚 spherical harmonics are defined by (16) 

𝑌 = %
2𝑛 + 1
4𝜋

(𝑛 −𝑚)!
(𝑛 +𝑚)! 𝑃0

|2|(cos 𝜃)𝑒829 (1) 

where 𝜙 , 𝜃  are the azimuth and elevation, respectively, 𝑖 = √−1 , and 𝑃0
|2|(⋅)  represents 

associated Legendre function. Spherical harmonics are orthogonal and satisfy the following equation, 

>𝑌0'
2'(𝜙, 𝜃)𝑌02(𝜙, 𝜃)*Ω
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Consider the sound pressure of a unit-amplitude plane wave which arrives from the direction 
(𝜙D, 𝜃D) with wave number 𝑘. The sound pressure measured at (𝜙, 𝜃, 𝑟) is given by (16) 

𝑝D(𝜙, 𝜃, 𝑟) = H H 𝑏0(𝑘𝑟)𝑌02(𝜙, 𝜃)𝑌02*(𝜙D, 𝜃D)
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where 𝑏0 is a radial function. For a rigid spherical array,	𝑏0 is given by 

𝑏0(𝑘𝑟) = 4𝜋𝑖0 O𝑗0(𝑘𝑟) −
𝑗0' (𝑘𝑟)
ℎ0' (𝑘𝑟)

ℎ0(𝑘𝑟)R (4) 

where 𝑗0 , ℎ0  are the spherical Bessel and Hankel functions, respectively, and 𝑗0S , ℎ0S  are their 
derivatives, respectively. 

In the following, the formulation of plane wave decomposition is introduced with reference to 
(10,13). Assuming that the sound field is composed by infinite number of plane waves, the sound 
pressure measured at (𝜙, 𝜃, 𝑟) can be written as 

𝑝(𝜙,  𝜃, 𝑟) = > 𝑤D
Ωl∈XY

𝑝D(𝜙, 𝜃, 𝑟)𝑑Ωl (5) 

where 𝑤D  is the plane wave coefficients. Using spherical harmonics decomposition, 𝑤D  in the 
spherical harmonics domain can be written as 

𝑤D = H H 𝑤02𝑌02(𝜙D, 𝜃D)
0

2JK0

L

0JM
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Using Eq. (6) and the orthogonality equation, Eq. (2), Eq. (5) is represented as 

𝑝(𝜙, 𝜃, 𝑟) = H H 𝑤02𝑏0(𝑘𝑟)𝑌02(𝜙, 𝜃)
0
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Furthermore, the spherical harmonics decomposition of p(ϕ, θ, 𝑟) can be written as 

𝑝(𝜙, 𝜃, 𝑟) = H H 𝑝02𝑌02(𝜙D, 𝜃D)
0
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where 𝑝02 is calculated using Eq. (2) as 

𝑝02 = >𝑝(𝜙, 𝜃, 𝑟)𝑌02(𝜙, 𝜃)*𝑑Ω
^

 (9) 

From Eqs. (7) and (8), 
𝑤02 = 𝑝02/𝑏0(𝑘𝑟) (10) 

Substituting Eq. (10) in Eq. (6) yields 

𝑤D = H H
𝑝02
𝑏0(𝑘𝑟)

𝑌02(𝜙D, 𝜃D)
0
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Here 𝑤D represents the amplitude and phase of the plane wave arriving from the direction (𝜃D, 𝜙D). 
Therefore we can estimate the DoA distribution from this equation. 

2.2 Truncation order 
In most practical situations, 𝑤D is calculated from the following formula: 
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where 𝑁 is the truncation order. In case that the microphones are distributed equally, to ensure a 
truncation of spherical harmonics decomposition to 𝑁, it is necessary to use 𝑀 microphones, where 
(17): 

𝑀 ≥ (𝑁 + 1)d, (13) 
and the spatial resolution 𝜓M [rad] is given by 

2𝜓0 ≃ 2𝜋/𝑁. (14) 
The radial function 𝑏0, Eq. (4), are plotted in Fig. 1, demonstrating that the amplitude approaches 

to zero as the order of 𝑏0(𝑘𝑟) increases when 𝑘𝑟 is small. To prevent divergence of 1/𝑏0(𝑘𝑟) in 
Eq. (12), 𝑏0(𝑘𝑟) ≫ 0  is required. Moreover, in order to avoid the spatial aliasing, the upper 
frequency is limited by 𝑘𝑟 < 𝑁. 

For the reasons mentioned above, we analyze the DoA distributions with combinations of 
frequencies and truncation orders shown in Table 1, and Fig. 2 shows their directivity patterns. It is 
depicted that the higher the truncation order is, the sharper the directivity is. 

3. DECAY CANCELLATION 
In this paper, we take an average of amplitudes of the plane waves in each direction over time for 

a period of interest, such as from 100 ms to 1000 ms after the direct sound arrives, in order to analyze 
the DoA distribution in the late reverberation. However, the results reflect only the early part in the 
time window because the amplitude attenuates as time passes. Then we introduce decay cancellation 
(18). 

Consider the decay cancellation of the impulse response 𝑝(𝑡). The decay curve 𝐸l(𝑡) of 𝑝(𝑡) is 
given by 

𝐸l(𝑡) = > 𝑝(𝜏)d𝑑𝜏
L

n
 (15) 

Then the decay cancelled impulse response 𝑔(𝑡) is defined as 
𝑔(𝑡) = 𝑝(𝑡)/p𝐸l(𝑡) (16) 

It should be noted that the decay cancellation enables us to extract only DoA information by 
removing the decay effects, but, at the moment, it is not clear that this approach is suitable for  
evaluation of subjective spatial impression. 
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Figure 1 – Amplitude of 𝑏0(𝑘𝑟) 
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Table 1 – Combination of frequency and truncation order 

Frequency [Hz] Order Frequency [Hz] Truncation order 

1,000 2 4,000 4 

2,000 2 5,000 5 

3,000 3 6,000 6 

Figure 2 – Directivity pattern. The scale of colormap is normalized to the maximum. 

4. MEASUREMENTS 

4.1 Measurement set 
A spherical rigid microphone array, with 64 omnidirectional microphones arranged equally on a 

sphere based on Fibonacci-spiral (19) and 50 mm radius, was used in this measurement. Impulse 
responses were measured in a multipurpose hall, Hardy Hall in Doshisha University, Japan. In the 
measurement, 9 measurement positions were chosen, which are shown as P1-P9 in Fig. 3. The center 
of the microphone array was placed 1.2 m above the floor at each position. A loudspeaker (Genelec, 
1037C) was placed on a stand to be 45 degrees upwards at the center of the stage, 5.3 m from the rear 
wall of the stage. The height of the bottom of the loudspeaker from the floor was 0.25 m. A 20-seconds 
log-TSP (Time Stretched Pulse) is output from the loudspeaker. It should be noted that the sound field 
is not driven with an omnidirectional source, which might cause a bias of DoA distribution. The 
sampling frequency is 48,000 Hz. Figure 4 shows the reverberation time (T30), which is calculated 
by the omnidirectional component of impulse responses which were measured using the spherical 
microphone array and an impulse response which was measured using an omnidirectional microphone 
in another day, respectively. The SNRs for RIRs measured at P2 with the spherical microphone array 
and the omnidirectional microphone are about 55 dB and 80 dB, respectively. The differences between 
estimated reverberation times between two microphones may be attributable to the difference of SNR 
between the microphones and/or measurement dates. 

4.2 Analysis procedure 
In the first step, the impulse responses measured using the spherical microphone array are 

converted to time-frequency domain by using short time Fourier transform (STFT). Here, 256-samples 
Hanning window with 50 % overlapping is applied. Second, plane wave decomposition, mentioned in 
Section 2, is applied to the signals. Third, the decay is canceled by using decay cancellation as 
described in Section 3. In the decay cancellation, the decay curve in Eq. (12) is calculated by using 
the omnidirectional component of the signals obtained in the previous step. Finally, the signals are 
extracted for a period of interest and then are averaged. The results are shown in color maps using 
Mollweide projection, in which latitude and longitude correspond to elevation and azimuth, 
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respectively; a direction of 0 degrees azimuth and 0 degrees elevation corresponds to frontal direction; 
the mark x represents the source direction. 

4.3 Results 
4.3.1 Comparison among frequencies 

Figure 5 depicts the DoA distributions analyzed at each frequency bin from 1,000 Hz to 6,000 Hz 
with intervals of 1,000 Hz. The impulse responses are measured at P2, and they are analyzed with the 
time window which includes the signals from 100 ms to 1,000 ms after the arrival of direct sound. 
The scale of colormap is normalized to the maximum. It can be found that the distributions are biased 
toward the front with 0 degrees elevation for 3,000 Hz or more than 3,000 Hz. On the other hand, for 
1,000 Hz and 2,000 Hz, the distributions are almost uniform, which are attributed to the less sharp 
directivity pattern at the lower order as indicated in Fig. 2. 
4.3.2 Comparison among measurement positions 

Figure 6 depicts the DoA distributions measured at P1 ~ P9, respectively. The impulse responses 
are analyzed at 5,000 Hz with truncation order of 5 and the time window from 100 ms to 1,000 ms. 

The comparison among these results illustrates that the directions toward which the DoA 
distributions are biased are slightly different among the measurement positions. Furthermore, the 
direction of the sound source is included in the region in which plane waves with larger energy arrive 
although the measurement positions are different. The elevations of the DoA distributions are almost 
0 degrees at 90 and -90 degrees azimuth. At 0 degrees azimuth, on the other hand, the elevations of 
the DoA distributions are lower than 0 degrees for P3, P6, and P9. 

Figure 3 – Hardy Hall, left: plan, right: section 
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4.3.3 Comparison among temporal segments 
Figure 7 depicts the time transition of the DoA distributions with 80 ms time windows. The impulse 

responses were measured at P3 and are analyzed at 5,000 Hz with truncation order of 5. 
The figure suggests that the anisotropic DoA distribution is more prominent as time passes, and 

the directions from which plane waves with larger energy arrive are similar at each time segment after 
a certain period of time. 

4.4 Discussions 
In Figure 5, the DoA distributions for 1,000 Hz and 2,000 Hz are almost uniform. However, 

Figure 6 – Comparison among measurement places (5,000 Hz, order 5th, 100 ~ 1,000 ms). The scale of 

colormap is normalized to the maximum. The cross represents the source position. 

Figure 5 – Comparison among frequencies (P2, 100 ~ 1,000 ms). The scale of colormap is normalized to 

the maximum. The cross represents the source position. 
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according to Eq. (14), the spatial resolution is about 180 degrees with 2nd order, which means that 
the analysis is not capable to distinguish two incoming plane waves whose relative angle is closer 
than the resolution angle. Therefore, it is possible that the results with the low order do not present 
the DoA distributions accurately. 

The comparison of the results among measurement positions in Figure 6 implies that the directions 
toward which the DoA distributions may be biased depending on the direction of the sound source. 
Furthermore, the DoA distributions are biased toward front hemisphere. There are upholstered seats 
behind the microphone array at around 0 degrees elevation. Thus, it can be considered that the DoA 
distributions of late reverberation may be affected by the acoustic absorptions of the room. 

In a previous work, the DoA distribution of late reverberation is analyzed with C-C method in a 
concert hall (5). In that case, it has been reported that the DoA distribution is biased toward front 
hemisphere and diagonally upward direction. The elevations toward which the DoA distributions are 
biased are different from the results obtained in this work. However, it is difficult to discuss the causes 
because the IRs were measured at different rooms and with a different method. 

5. CONCLUSIONS 
In this paper, a method to analyze DoA distribution of late reverberation has been introduced, 

which employs a spherical microphone array, plane wave decomposition, and decay cancellation. The 
analysis from measurements performed in one multipurpose hall has been conducted. The results 
showed that the DoA distributions of late reverberation are anisotropic at any frequency and any 
measurement position, which is more prominent as time passes. Moreover, the results implies that the 
DoA distributions may be affected by the acoustic absorption of the room as well as relative 

Figure 7 – Comparison among time segments ( P3, 5,000 Hz, order 5th). The scale of colormap is 

normalized to the maximum. The cross represents the source position. 
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positioning between the receiver and the sound source. 
The present results were derived only from one multipurpose hall with a non-omnidirectional 

source. To find a general tendency of DoA distribution, the analysis in other rooms should be 
performed with an omnidirectional source. Additionally, future studies include verification of the 
relationship between DoA distribution of late reverberation and the auditory impression. 
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